

















What is measurement?

Before attempting to define measurement error, it will be as well to be sure that we

have a reasonable idea of what is meant by measurement. By measurement is

meant a process, applied to an entity, that has the following three aspects,

e acharacteristic,

e ascale and

e ameans of assigning a number on the scale to that characteristic (Stevens,
1946).

Thus, if we consider that an individual has an identifiable skill such as reading

ability, we can measure it by giving him/her a standard test. Measurement may also

be required to fulfil other aims than simply assigning a number to a characteristic:

for example Georg Rasch (1901-1980) and his followers considered that his 1-

parameter logistic model implied a theory which enabled what they described as

fundamental measurement in behavioural sciences (Wright & Stone, 1979)'.

Does the concept exist as a single clearly defined quantity?

Descartes stated ‘If something exists, it must exist to some extent, and if it exists to
some extent, it must be measurable’", However the first clause of this brushes under
that carpet a number of assumptions. Taking the example of reading ability, one can
question whether in fact there is a single unidimensional concept such as reading
ability™. On the one hand, reading ability corresponds to a concept that most people
would accept as intuitive, and it would be generally agreed, for example, that on
average reading ability is higher now in Britain than in the middle ages, or that 16-
year-olds on the whole read better than 5-year-olds. On the other hand, it is well
known that some individuals will perform better when a reading test assesses one
dimension of reading, rather than another: for example the International Adult
Literacy Survey (IALS) made separate assessments of Prose, Document and
Quantitative Literacy (Kirsch, 2001). Also, what is involved? Does reading ability
include the ability to understand what is being read, rather than simply being able to
decode the words? Even if we accept that the concept exists, there is still the
question of measuring it. The term constructs is typically used in this area rather
than concepts, to emphasise that categories are deliberate creations chosen to

organise experience into general law-like statements.
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How much of the construct are we measuring?

No matter what one is aiming to measure, there will also be a series of steps, and
probably discrepancies, between the construct and the measurement. Thus a cloze
test, which comprises a number of sentences with blanks for the examinee to fill in,
is very different from the everyday concept of a reading skill. Increasingly, for
example in PISA (OECD, 2007), there is an attempt to make performance
assessments more like actual performance. It is possible to use more lifelike means
of assessment in the classroom, but this can lead to questions of comparability
especially if, as in part of the current National Curriculum Assessment in England,

the measure is also used for accountability purposes.

The assessment of whether what is measured adds usefully to our knowledge of the
characteristic in question is known as validity assessment (see, e.g. Kane, 2006).
This is not to say that a valid measure is equivalent to the quantity being measured,
but more that it is consistently related. Thus, a cloze test might be sufficiently
closely related to actual everyday performance that it is legitimate to use this rather
than any other more complex alternative. We are not discussing validity here,
though this is an important consideration in educational measurement (Brennan,
2006).

How precise is the measurement?

Measurements are never going to be perfect, but the degree of precision associated
can vary almost beyond the scope of human visualisation. In some areas
measurements can be made with such accuracy that the question of measurement
error simply does not arise for all practical purposes. The standard avoirdupois
pound is defined as 0.4535924277 Kg. (see Richards, Sears, Weir, & Zemansky,
1960) while atomic clocks are quoted as being correct to one second in one million
years. At the other extreme, the age of the earth is quoted as having a range of
3,500,000,000 to 6,000,000,000 years with a mean in the area of 4,500,000,000
years (Encyclopaedia Britannica, 1981). Educational measurement is far from such
extremes, but typically education measurements will be less precise than scientific

ones.



Reliability

The construct of reliability in psychometric measurement is a very simple one: what
happens if | make the same measurement again? There are many possible different
ways in which one could make a measurement ‘again’, and these are discussed in a
later section of this paper. The reliability of a test is the extent to which one gets the
(notional) same answer under a (notional) repetition of the measurement. In
contrast with the everyday usage, this says nothing about the extent to which the
measurement is correct. The inseparable converse of reliability is measurement
error, the extent to which one gets a (notionally) different answer under a (notional)

repetition of the measurement.

By a number of steps we have come a long way from the aim of trying to measure a
construct. First, we define what we are trying to measure, but this is not to say that
the construct is a justifiable one. Second, given that we accept this, any
measurement we can make is going to refer only to a selection, and probably a non-
representative one, of the construct. Third, it is not certain that the measurement
procedure we use will be unbiased. These three together essentially constitute
validity. Fourth, and finally in this context, the construct of reliability considers to
what extent results are consistent, regardless of validity. Factors which affect this
consistency include using a sample of possible assessment items, and a sample of

possible assessment occasions.

Other aspects
Before moving on to the next section, it will be useful to define three further

distinctions.

Raw (additive) scoring and Item Response Theory

The type of scoring we are all familiar with from school days, simply adding up the
marks to give a total score, is so intuitive as scarcely to require a name. However,
to distinguish it from IRT approaches we refer to it as raw or additive scoring.

Item response theory (IRT) approaches (see, e.g. Thissen and Wainer, 2001) assume
that the probability of an examinee succeeding on an item in an assessment may be
adequately summed up using a latent characteristic or trait of the examinee, together
with characteristics of the item. In this context the trait would be referred to as the
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ability or attainment of the individual. Generally a single dimension is used for
each assessment. The relationship between the examinee’s attainment and the
probability of success for an item is described as the Item Characteristic Curve
(ICC) for that item. Figure 3.1 shows an example of an item characteristic curve for
a dichotomous [0,1] item with a difficulty equal to zero. As the ability increases
from a value of -3 to +3, so the probability of succeeding increases from virtually

zero to nearly unity.

Figure 3.1 An example of an item characteristic curve for a dichotomous item
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Norm referenced and criterion referenced.

Test scores may be roughly divided into norm-referenced and criterion
referenced. Norm-referenced interpretations locate an individual’s score relative to
the distribution of scores for some relevant comparison group. Criterion referenced
interpretations, at least in theory, locate an examinee’s position on some continuum

of development or skill without reference to other individuals.

Conjunctive versus compensatory scoring
In some tests, especially criterion-referenced mastery tests, the requirement is that
the examinee can succeed on all, or very nearly all, of the tasks, and certainly all of

the important ones: an example of this would be the driving test. The original
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conceptions of National Curriculum Assessment were of this form (Schagen and
Hutchison, 1991). These would be described as conjunctive scoring (Green and
Wigdor, 1991). By contrast, other tests would allow better performance on one area
to compensate for poorer performance on another. These are described as
compensatory scoring. The archetypal version of this would be a total score
model. The majority of education tests are of this form, though sometimes with

some other criteria.

Most of the discussion here will relate to norm referenced tests with IRT or
compensatory scoring. It is worth noting that some of the standard reliability
estimation approaches, such as coefficient alpha, would not be applicable under

many other conventions.
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Sources of variation in a measurement

A measurement involves assigning a number to a characteristic of an entity. This
entity could be a piece of string, or the speed of light, or the performance of a pupil
at key stage 2. An example of this last could be a measurement

of a specific characteristic

of a specific entity

by a specific measuring entity, usually a person

which takes place at a specific time

under specified conditions

with a particular aim in view

using a specific measurement instrument

and transforming to the reported score in a specified way.

Thus, for example, if we see a score of 90, it could relate to the an assessment of the
reading ability of Angela Brown, at age 11, using a cloze test, the test having been
administered in her home classroom at 11.15 a.m. by a trained administrator with
the caretaker mowing the lawn outside: results could be reported as age-

standardised scores, and intended to identify pupils with reading difficulties.

All of these are potential sources of variation in a measurement. Any or all of the
details could have been changed and the result would in all probability have been
different: for example the measurement could have been made of a different

individual, by the classroom teacher, at a different time of day.

Specific characteristic.

A test could be of mathematics or of reading or another subject, and within a subject
one could test different aspects. Thus for example the PISA mathematics tests are
aimed to assess the pupil’s grasp of mathematical principles rather than the ability to
carry out particular competences (Hutchison and Schagen, 2007)

Specific entity.

The test could be of any of the pupils in a class.
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Specific measuring entity.

It could make a difference whether the test was administered by the pupil’s own
teacher, by a different teacher, or by a trained administrator.

Specific measurement instrument.

There are a number of nationally standardised tests purporting to assess broadly the
same skills, but one would expect that results would be different in detail.
Assessments will also use only a sample of possible characteristics to be assessed.
Transforming to the reported score.

A test could be scored simply by adding the number of correct answers, or these
could then be grouped or age-standardised. Alternatively an IRT method (Thissen
and Wainer, 2001) could be used: (probably slightly) different results could be
expected using 1-, 2-, or 3-parameter methods, and even between different packages
carrying out the same method"”.

Takes place at a specific time.

Many people have a cyclical difference in performance by time of day- for example
a post-lunch dip- or a longer cycle. So measurement taken in the afternoon is likely
to be lower than near the start of the morning.

Under specified conditions.

Many such conditions are more a question of satisfying some yes/no criteria: the
subject should be awake: the light should be good enough to see the test paper, etc.
But other factors, such as the temperature of the room, the ambient noise, whether
the test is high stakes or low stakes and so on, also will affect performance.

With a specific aim in view.

A test could be used to order the pupils in a class, so pupils would have different

Scores.

Changes in any or all of these would be expected give rise to changes in the
measurement. Even where it is assumed that we are using the same test or a parallel
one on the same individual changes in the score are to be expected on a re-
administration. If in some way we were able to make a number of replicate
measurements of the length of a piece of string we would be likely to find that there
was a degree of variation in the scores assigned in the later decimal places. We
could assign this to random variation, knowing that there is a limit to human

accuracy. However, it could be that there were other sources of variation in the
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measure. Measurements could be made using cheap rulers, and the results would
vary with the particular one used. It could also be that the length of the string itself
varied, perhaps becoming shorter in humid weather. If we knew that one of the
rulers was obviously inaccurate, we could discard it as being biased, or we could
calibrate it to take account of the bias. If we used the same ruler on a number of
occasions, then we would get the same bias each time and this would be described
as systematic error. Conversely if height measurements were made by simply
picking a ruler at random, then the differences between the rulers would be part of
the random variation. Random variation, in effect, is what is left over after other

defined factors are taken into account.
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What is random variation and how does it arise?

It is difficult to define randomness without using the words ‘random’ (or
equivalently ‘stochastic’ or ‘by chance’). The word ‘random’ is defined in the
Dictionary of Statistical Terms (Marriott, 1990) as

‘The word is used in senses ranging from “non-deterministic” (as in random
process) to “purely by chance”, “independently of other events” (as in “test of
randomness”)’.

This is all rather circular. There are two main paradigms that can be used to explain

how a random observation may arise.

Paradigm I
1) aprocess during the course of which an observation is created.
Paradigm 11

2) random selection of a sample from a larger, frequently an infinite, group.

Paradigm I: Random process

Though it is difficult to define formally, everyone has some sort of a conception of
what randomness means. A random process, they believe, is one which in some
way ‘just happens’, without any obvious cause, or if there is a precipitating event, it
does not cause the precise value observed. Processes such as tossing a coin or
radioactive decay are often considered to be archetypes of this (though it is probable

that tossing a coin is not actually a truly random process- see Diaconis, 2006).

Paradigm I1: Random selection
”Something has happened, but you don’t know what it is, do you, Mr Jones?”
Bob Dylan, slightly adapted
We all inevitably make decisions about a population based on a sample. For
example even the most concerned parents are likely to choose a child’s primary
school on the basis of a single visit. Similarly, couples frequently agree to get
married on the basis of a relatively small sample of each other’s behaviour. And so
on. Under this paradigm, when an element is selected, the randomness lies in the

selection: the element itself could well be fixed.
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Within the context of national assessment, and elsewhere, the concept of reliability
has been extended beyond the aim of exact replication. Thus, later in this paper, we
compare results from the live key stage 2 reading test with those from an anchor
test, and with teacher assessment. Newton (2009) used NFER results to compare
‘live’ test results for key stage 2 reading and writing with a pre-test in the same

topics for the subsequent year.
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Types of variation considered under reliability

‘It is not possible to step twice into the same river.” Heraclitus

Reliability is a measure of the stability of a result. In other words, one could say, ‘If
I did it again, how similar would the result be?” The word ‘notional’, or ‘notionally’
could be included here to emphasise that in many situations it is not possible
actually to repeat the process. Black and Champion (1976) define the term thus:
‘The reliability of a measuring instrument is defined as the ability of the instrument

to measure consistently the phenomenon it is designed to measure.’

The ideal of a reliability measurement would be to carry out exactly the same
measurement at exactly the same time with the same individuals. But it is not
actually possible to repeat the process exactly. The construct is more in terms of
some kind of parallel universe (Hawking, 1988). Given that, possibly aside from
the world of quantum mechanics, one is unlikely to encounter parallel universes,
some kind of loosening of the conditions is required. Three main approximations
are described:

e same (or parallel) test, same people; different time,

e different tests, same time, same people;

e and same time, same stimulus, different people.

Marker effects occupy a further category.

Test-retest reliability: the same (or parallel) testing instrument, same people,
but at a different time.

In measuring the speed of light, the scientists endeavoured to get a more precise
result by making the measurement a number of times, and averaging the result
(Michaelson and Morley, 1887). This approach is not possible in the educational
and behavioural sciences. If a respondent takes a test twice, then the second taking
will be influenced by the first if the two tests are close, and if they are sufficiently
far apart in time to avoid this, then there will have been maturation effects between
the two times, probably improving performance. Test-retest correlations tend to
decline as a function of the time between tests, the nature of what is being tested and

what happens between tests.
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Parallel (alternate forms) reliability

It would now be more usual to employ two parallel forms of a test, rather than try to
re-administer the same test, with all the difficulties that this would entail. A set of
strictly parallel forms are defined as tests that have identical test specifications,
yield identical observed score definitions when administered to any (indefinitely
large) population of examinees, and covary equally with each other and any other

measure (Haertel, 2006).

Split half reliability and Cronbach’s alpha: different but parallel tests at the
same time, same people.

Split half reliability assumes that the test consists of two equivalent half-tests.
These may be conceptualised by, for example, allocating alternate items to split half
1 and split half 2. The correlation between these, grossed up to take account of the
smaller number of items in the half-tests, is taken as an indicator of the whole test
reliability. The correlation to some extent depends on how the original test is
divided into two parts. As described below Cronbach’s alpha (Cronbach, 1951) is

the mean of all possible such half-test divisions.

Cronbach’s alpha and test retest reliability are estimating two different quantities,
since the former is essentially assessing the consistency between measures, and the
latter the consistency over time. Results from the two approaches, perhaps

surprisingly, tend to be similar, encouraging confidence in both.

IRT models: same test, same time, different people.

To take the simplest example of an IRT model, the Rasch model assumes that all
examinees with a given underlying score have the same probability, specific to that
item, of passing any item in the test. This probability and its variability come from
the distribution of responses in the population. The reliability of IRT models

including the Rasch model is discussed below.
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Marker effects

In some ways the situation where more than one marker marks a student essay, or
more than one observer rates a performance do come close to the ‘ideal’ situation
described above. The same performance is being rated in different ways. This only
describes part of the instability of the assessment since it does not take account of
possible instability in the performance of the examinee. Marker effects are not
necessarily completely distinct from other unreliability influences, for example in a
test-retest, where the two sets of answers are marked by different markers, or the

same marker at a different time.
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Methods of calculating reliability: replication-

based and model-based

As noted earlier, it is not possible to replicate exactly the same measurement at the
same time with the same test on the same individual, so we can produce only an
estimate of reliability. In the previous section we have classified reliability measures
according to which of these ‘sames’, people, time or instrument, is relaxed to
provide a working approximation. The second main dimension is whether the

process used is direct (replication based) or imputation (model based).

Direct estimation of measurement error is, conceptually, rather straightforward.
I. A quantity is measured
ii. The same quantity is measured again, in the same way

iii. The two measurements are compared.

Imputed estimation of measurement error attempts to set up some statistical model,
distinguishing between the systematic and random parts, and the measurement error
variance is estimated from this. It is obviously quite dependent on the adequacy and

nature of the model used.

Experience shows that as soon as one sets up an ‘ideal’ dichotomy, it is found that
everything has to be classified as a mixture of the two extremes. Processes
corresponding to this simple contrast are rare, and many will contain a mixture of
the two. For example even the most simple of test-retest models assumes some kind

of statistical model, albeit a very simple one.

Two examples of model-based reliability are the instrumental variables method and
the standard error for the IRT model. The first of these is particularly used in
econometrics (though see McDonald, 1985; Ecob and Goldstein, 1983) and
generally in the context of regression-type applications. A second example could be
the standard error for the score for an IRT model. The result for this depends on this
model being correct, or at least a sufficiently close representation of the original
data. IRT standard errors, while conceptually analogous to reliability coefficients,
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do not come in a single figure, but vary with the value of the score. If the 1-
parameter model was a poorer fit to the data than a more general IRT model, then
the estimated standard error would be too large at some points and too small at
others, compared with the better-fitting general model.
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8.

Measures of reliability and measurement error

Standardisation of measurement and reliability coefficients

It can be difficult to assign a measurement scale to a quantity. In some instances,
such as weight or money, the obvious scale is essentially a question of counting.
Two pounds (or Euros) are twice as much as one pound (or euro). In other instances
constructs are measured according to their locus in the web of scientific constructs:
thus the current linear scale of temperature is conceptually consistent with the
expansion of metals with increasing temperature. It could alternatively have been
defined in a scale that had a quadratic relation to the current scale, since the
temperature of a gas is related to the square of the speed of the molecules it
comprises. These options are not open to those making measurements in the
educational and behavioural sciences, except in certain examples, such as public
examinations in the UK, where the unit has a quasi-currency interpretation for such
things as university entry or job applications. An alternative approach that has been
attempted is to define the measurement qualities a scale should possess, such as
additivity in some sense, and attempt to constrain the measurements to conform to
this. The Rasch model aims to do this, though as noted above, its use is
controversial. In contrast, it is widely considered that any monotonic transformation
of a result will be acceptable to the extent that it gives an interpretable conclusion"".
Even if we have established a scale, there is still the question of its interpretability.
What does a measurement error variance of +/- 2 score points mean? In the absence
of any other rule, interpretation can be aided when scores are expressed by
comparing the difference from the population mean to the population standard
deviation. These are described as standardised scores or effect sizes (Schagen and
Elliott, 2004), and help give a ‘feel’ for the size of results.

Similarly, the estimated measurement error variance can be divided by the total
population variance to give the ratio

Measurement error variance

=1-
p Population variance

where p is called the reliability coefficient. In words, this could be described as the

proportion of the observed variation that corresponds to ‘true’ variation as opposed
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to measurement error. This formula contains two unknowns and thus is an attempt

to estimate a ratio of two unknowns from observed scores.

Approaches differ between classical test theory (CTT) and item response theory
(IRT), not least because the former deals with observed scores, and the latter deals

with theoretical latent scores. The two are treated in turn.

Classical test theory.

Scores in CTT are typically produced by a simple, or weighted, summation of
observed item scores, and the mathematical theory of this is based round entire test
scores, though subtests, including item scores, are frequently employed in the
estimation of reliability.

1. Split-half reliability.
The test is divided into two halves, and the correlation between the two is calculated
and inflated to take account of the fact that the two half-tests are shorter than the

original.

If the two halves are equivalent then this gives an estimate of the test reliability
coefficient. The problem of course is that the halves are not necessarily equivalent,
and that creating a different partition will give a different result: the half-correlation
depends on the correlations between the items in the two half-tests, and making a
different partition will mean that different inter-item correlations are included.
Ways around this include making a random partition, or doing more than one such
partition and taking the mean. In the limit, one could consider all possible such
partitions and average these: while this would be statistically ideal, it would require

a very large number of such partitions.

For this reason the split-half reliability has been largely superseded by Cronbach’s

alpha, which is in fact the mean of all possible splits.

2. Cronbach’s a.
This is probably the most commonly used of reliability measures for observed score

tests these days. It is a function of the average covariance between items in the test.
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It is thus apparently a measure of inter-item consistency. Why is this considered a
measure of reliability? As discussed above, this is equivalent to the limiting
condition of all possible split-half reliabilities. Thus it is effectively assessing the

possibility of giving a parallel test, as discussed earlier.

Despite its near-ubiquitous application, the use of coefficient a to assess reliability
has been widely and repeatedly criticised by psychometricians. One of the most
recent of these critiques was that of Sijtsma, who stated that

‘Alpha is a lower bound to the reliability, in many cases, even a gross
underestimate, and alpha cannot have a value that could be the reliability based on

the usual assumptions about measurement error’ (Sijtsma, 2009).

He goes on to state that
‘Better alternatives exist, but are hardly known, let alone used to assess reliability’.
Unfortunately, while there is wide agreement among psychometricians that o is not

the answer, there is very little agreement about what is.

3. Greatest lower bound.

Sijtsma recommends the use of the greatest lower bound (glb). This statistic, as its
name suggests, estimates the smallest reliability possible given the observable
covariance matrix and assuming that the errors in each test item are uncorrelated.
However his recommendation is criticised by Green and Yang (2009), Bentler
(2009), and Revell and Zinbarg (2009).

4. Structural Equation Modelling.

Green and Yang (2009) recommend using Structural Equation Modelling of the test
items and estimating scale reliability once a conceptually meaningful model has
been established, and reporting a statistic they describe as 5._ SEM. Bentler (2009),
too, recommends the use of a coefficient based on Structural Equation Modelling of

the test items.
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